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Abstract 

We investigate the scattering of an electron by an infinitely thin and infinitely long straight magnetic 
, flux tube in the framework of QED. We discuss the solutions of the Dirac and Maxwell fields in the 

related external pure AB potential and evaluate matrix elements and differential probabilities for 
the bremsstrahlung process. The dependence of the resulting cross section on the energy, direction 
and polarization of the involved particles is analyzed. In the low energy regime a surprising angular 
asymmetry is found which results from the interaction of the electron's magnetic moment with the 
^ ^ magnetic field. 

' PACS numbers: 03.65.Bz, 12.20.-m 
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^ ! 1 Introduction 
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In classical physics the behaviour of charged particles in external electro-magnetic fields is completely 
Oh! determined by the electric and magnetic field strengths, = d^A^, — d^A^, which fix their trajectories 

by way of the resulting forces. For quantum particles, however, the concept of field strengths, which are 
gauge invariant local quantities, is insufficient. This became evident with the prediction of the Aharonov- 
Bohm (AB) effect [|l| (see also ||), which states the influence of magnetic fluxes on quantum systems. 
. It was shown that it is the line integrals of the vector potential over closed paths which produce the 

5— ( I additional effects on quantum systems The path-dependent phase factors exp(ie^ A^da;^), which 

form a class of topological, and again, gauge invariant quantities, produce phase shifts in wave functions. 
A number of remarkable experiments was made to observe the resulting interference pattern of an 
electron beam scattered by a thin solenoid. For a comprehensive review see 1^, |^ • In solid state physics 
the manifestation of the AB-effect brought new unexpected results ||. The influence of magnetic 
fluxes on vacuum polarization of quantum fields was discussed in |||. For a detailed investigation of 
the AB effect and its physical consequences it is essential not only to consider the scattering but also 
accompanying effects. Among them bremsstrahlung is supposed to be the most significant one. It was 
discussed at first for non- relativistic particles in the dipole approximation in ||l^ , where the energetic and 
angular distributions were calculated. The polarization properties of the bremsstrahlung were discussed 
for relativistic spinless particles in [ll|| . The aim of the present paper is a detailed investigation of the 
bremsstrahlung emitted by a Dirac electron being scattered in the AB potential. This process is evidently 
of greatest interest in view of a possible experimental verification using polarizable electron beams. 

As usual we will consider the idealized case of an infinitely thin, infinitely long straight solenoid 
(magnetic string), lying along the z axis. The vector potential connected with this pure AB configuration 
reads 

4- * - 
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where $ is the magnetic flux and p the distance to the string. This ideahzation raises the question of 
how to describe the electron wave function near the string correctly. Mathematically this is related to 
the non-self adjointness of the Hamilton operator ||l2| -[^. We will discuss this point in section 2, where 
we investigate the Dirac equation in the presence of the pure AB potential. There we also find the exact 
scattering solutions in terms of partial waves. The issue of spin changes slightly the interpretation of 
the AB effect. As we will show the interaction between spin and magnetic field leads to the Dirac wave 
functions which do not vanish on the magnetic string and thus, in a way, a local element is added to the 
non-locality of the AB effect. 

In section 3 the matrix element for the bremsstrahlung process is calculated and the differential 
radiative cross section is obtained. We analyze the behaviour of the differential and total cross section 
at different energy regimes and discuss its particular features characteristic for the Dirac electron in 
sections 4 and 5. 

We use units such that h = c = 1 and take e < for the electron charge. 



2 Solutions of the Dirac and Maxwell field in the Aharonov- 
Bohm potential 

The Dirac equation in an external magnetic field reads 

idtyJ = H^, H ^ a,{p, ~ eA,) + PM (1) 
where e is the electron charge. For the matrices a and P we use 

aA (I 

In cylindrical coordinates (p, 99, z), the kinetic momenta are given by 

T^p^Pp^ ~idp, = p^- eA^ = --d^ " eA^ , = -id^ (2) 

and 

cTp = (Ti cos if + (72 sin <y9 , cr^ = (— (Ti sin (p + a2 cos if) 

where (t^ are the Pauli matrices. 

The vector potential for the pure AB case (magnetic string) has a nonzero angular component 



2'Kp $oP P 



6^^ = — = -— = -' (3) 



(0 < jO < oo), where $ is magnetic flux and <f>o — 27r/|e| is the magnetic flux quantum. It corresponds 
to a magnetic field along the z axis 

B. = ^<5(p) , (4) 
ep 

which points to the positive (negative) z direction for < ((/> > 0). It is the fractional part 6 of the 
magnetic fiux (t) = N + 6,0<S<l which produces all physical effects. Its integral part N will appear 
as a phase factor exjp{iNip) in the solutions to the Dirac equation. 

The exact solution of the Dirac equation used for the discussion of the scattering problem in the 
external Aharonov-Bohm field can be written in an integral form as it was done for the Schrodinger 
equation in the original paper by Y. Aharonov and D. Bohm (^]. For further calculations, however, 
cylindrical modes are more convenient. 

For the Dirac equation in the AB field the complete set of commuting operators is 

H, p\:=-id.: is := + , ^3 /SSs + 7 (5) 
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where 7 •= ( ^ g ) ■ The corresponding eigenvalue equations are given by 



= EiP, (6) 

PsV' = Psi', (7) 

isV' = iaV-, (8) 

Ss^P = s^, (9) 



where E — y/p^ + + M'^ is the energy, p3 and are the z-components of hnear and total angular 
momentum respectively; p± denotes the radial momentum. The eigenvalue of J3 is half-integer and we 
rewrite it by introducing I, =: I + N + 1/2. Here I is an integer number and N is fixed as above. Note 
that I + N denotes an integral part of the eigenvalue of J3 in contrast to the usual convention. The 
corresponding separation of a factor exTp{iNip) in the solutions of the Dirac equation will turn out to be 
convenient in the following calculations. We introduced in eq. the operator S3 and not the helicity 
operator St = Si(pi — eAi)/p which is often used. Both of these operators commute in the relativistic 
case with the operators H, and J3, when a magnetic field of a fixed direction is present. This can be 
seen, for example, in fl^ . We prefer to use S3 because in the nonrelativistic limit, which will be treated 
below, it describes the spin projection along the direction of the magnetic field. Its eigenvalue is given 
by s = ±-\/l + P3/A/2. Solving these eigenvalue equations leads to a radial solution of Bessel type. 

As independent solutions we choose Bessel functions of the first kind with positive and negative 
orders. Then the normalization condition for the partial modes with quantum numbers j = {p±,p3, 1, s), 

dx^pHj,x)^if,x) = 5,.,, = 6,,,,Sij,6ip3~P3')^-^^^=4^ , (10) 

fixes the solutions (for electron states with E' > 0) only for values of I outside the interval —l<l — 6<0. 
Unless I = the Bessel functions of negative order are not square integrable and therefore the normalized 
solutions contain only the regular Bessel functions of positive order. One finds, for I 7^ 0, for the total 
mode function 

= T^^^e e-^^-*+^f^^e^^'^e'^l'l ( , (11) 

ZTT \ ''^ / 



where 



lYs \ ie3eiVEp - sMV^ J,,{p^p)e'^'+^^^ 
]_ f es VEp + sM VJ^ J,, {p^p)e''^ 



(12) 
(13) 



and 



^e:=-^, P±:=^P^-pI = ^E}^AP~pI, s = ±^ I + , £3 := sign(sp3), (W) 



Pi 



( l~5 ( l + l-S ( 1 if?>0 

""''■=[-1 + 5 ' -l-l + S ' ^'^=1-1 if?<0 • (1^) 

In (^|) we already included without proof the case / — 0. This critical mode, however, requires a separate 
discussion, to which we will turn now. 

The solution for / — contains Bessel functions of positive and negative orders. It can be written as 



Nq f \/Ep + sMy/ s + 1 [sin pj^s{p±p) + cos pJs{p±p)] 



fYs \ i^3\/Ep - sMy/s - 1 [smpJi^s{p±p) - cos pJ-i+s{p±p)]e^'^ 
Nq f e3\/Ep + sM\/s - 1 [sin pJ^s{p±p) + cos pJs{p±p)] 



2s V WEp ~ sM^/s + 1 [sinp.Ji_s{p±p) - cospJ_i+sip±p)]e" 



(16) 
(17) 



where p, is an arbitrary parameter. It is normalizable for any value of p. Moreover one can see that there 
is no solution that behaves regular at p = as it is the case for the spinless case. At least one component 
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of each two-spinor diverges at p = 0. This is an obvious consequence of the additional interaction between 
the magnetic moment of the electron and magnetic field inside the solenoid. The question remains, what 
value of /i is to be chosen? 

Note that the first spinor component is square integrable but singular for I — a,s well as for 1 = 1. 
(One has to replace S with —l + 5m eq. (|l6|) in order to get the general solution.) But for / = 1 the 
second component turns out to be not square integrable. This is the reason why only one critical mode 
appears, in contrast to |^ . 

The zero mode problem is not specific for the Dirac equation. It is related to the fact that the Hamilton 
operator is not selfadjoint in the presence of the pure Aharonov-Bohm potential for any charged quantum 
system. This would cause many problems for the unitary evolution of quantum systems unless selfadjoint 
extensions of these Hamilton operators exist. The related self-adjoint extension procedure |]l6| permits 
to fix the parameter /i up to an arbitrary constant. We shall not describe this method here. In |l5| 
we presented an alternative method of treating the self-adjointness problem. It essentially amounts to 
finding orthogonal states with respect to the radial momentum p± for the critical mode (1 = 0). It then 
immediately leads to the same condition on the parameter ^ as the self-adjoint extension method does: 



tan/i 



/n I \ 2<5 M 1 

— 7T , a = const , Nn = , . (18) 

KM/Ep + sM' VI + sin2^cos7r5 ^ ^ 



If these conditions are fulfilled, then the cylindrical modes to the Dirac equation form a complete 
set of functions for any a. Similar results can be obtained for other quantum systems in the Aharonov- 
Bohm potential both relativistic and nonrelativistic ones. Note that the self-adjoint extension method 
does not fix the open parameter a which determines the behaviour of the wave function at the origin. 
This situation is not satisfactory from the physical point of view (in addition the calculations in the 
following sections cannot be performed for arbitrary a). We solve this problem as follows: The pure 
Aharonov-Bohm potential is the limiting case of nonsingular vector potentials of real solenoids of finite 
radii. Hamiltonians in the presence of realistic magnetic fields are selfadjoint operators, and one would 
expect that the limiting procedure permits us to fix the arbitrary parameter a completely. This was 
shown in the paper in general and we will confirm this result for the special case of a cylindrical 
solenoid with uniform magnetic field inside. The vector potential outside the solenoid coincides with (||). 
Inside it depends on the distribution of the magnetic field. We choose a uniform distribution, so that 

eA^ = ^, if p<a, (19) 

where a is the radius of the solenoid with the magnetic field H = 

Solutions to the Dirac equation contain the Bessel functions with positive and negative orders for 
p > a and a confluent hypergeometric function for p < a. The matching and normalization conditions 
will fix all arbitrary coefficients in these solutions. It is evident that for I ^ the pure AB solution will 
be restored in the limiting case of vanishing radius. For I = one can expect that this procedure will 
lead to a self-adjoint extension of the pure AB Dirac operator. So we need to consider only this special 
case. 

The equations for radial functions are 

K2 + -^'1,2 - \ {h.2 - ^] R1.2 + PI2R1.2 = , (20) 



P 



with 



N \ 2 _ 2 , 20 



Solutions to these equations that are regular at p = are 

Ri,2 = x^e-t$(Ai,2, Ci,2; x) (21) 
where $(A, C';x) is the confluent hypergeometric function with 

p'^ Pi 9^^ 1 1 



4101 2' 2 
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One can see from the matching conditions that external sohition will not contain the Bessel function 
with a negative order unless the parameter Ai^2 goes to zero at a ^ 0. It happens for the Ri component 
at (/) > when the magnetic field directs down and for R2 component at < 0. In these cases the 
interaction of the electron magnetic moment with the magnetic field is attractive and the probability to 
find the electron near the string increases. 

Thus, at A'^ > when the magnetic field points to the negative z direction, which we shall assume 
from now on, the upper two-spinor component (corresponding to spin up) is enhanced and one needs to 
put the parameter /x in the equation (|l^) and the solution (|l^) equal to 7r/2. The self-adjoint extension 
parameter becomes a = 00. Then each component of the zero mode solution (^|) contains only one 
Bessel function and therefore we can include the / = case in (|l^), what was to be shown. Eqn.(pTl) 
with ( p^ - (ITsI ) represents the central result of this section. 

Let us remark that the method of taking the zero radius limit of a finite flux tube, as sketched above, 
does not give physically meaningful results if an additional Coulomb potential is present [^o| . However, 
we do not consider that case here. 

The expression ( |lT| ) with ( p^ and (|l^) presents the partial electron wave functions in terms of 
cylindrical modes. The electron scattering wave function is obtained by a superposition 

«'(p,s,a;) i^^QV'elj,^:). (22) 



c[+) e-'^^" e'^'"^ (23) 



With the coefficients 

this solution behaves at large distances like a plane wave, propagating in the direction of p given by 
Px — P± cos (pp, Py = p± sin fpyPz = Ps, plus an outgoing cylindrical wave. 

Because of the damping of the cylindrical wave at large distances we may use this superposition instead 
of plane waves. Accordingly, the coefficients 

g(-) ^-a^p e"*^'"' (24) 

are used to form a scattering wave solution for an outgoing electron with an ingoing cylindrical wave. 
With this different choice of the coefficients for ingoing and outgoing electrons the interaction with the 
external AB-field will be described correctly. 

The external Aharonov-Bohm field does not influence the photon wave function. In cylindrical coor- 
dinates it reads 

where the polarization vectors for two physical transversal photons (in cartesian coordinates) 

e^"^ := (0, -siinpk, cosipk, 0), e^'^^ := —(0, -kscostpk, -kssiiKfk, k±) (26) 
correspond to two linear polarization states. 



3 Matrix elements and differential cross sections for the process 

e ^ e + 7 

Cross sections are usually related to plane wave states, and in our case to the scattering states (p^). The 
cylindrical modes (^fj) have a vanishing radial flux and therefore do not describe ingoing or outgoing 
particles. They are, however, convenient for calculating matrix elements and we shall use these matrix 
elements as starting point for the calculation of the cross section which refers to scattering states. 
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3.1 Matrix elements for cylindrical modes 

The matrix element for the bremsstrahlung process for an ingoing electron with quantum numbers 
jp — {p±,P3, 1, s) leading to an outgoing electron with quantum numbers jq — {q±, q^, n, r) and a photon 
with quantum numbers jk = {k, A) for physical states A = (cr, tt) has the usual form 



whereby gamma matrices are written in terms of Pauli matrices as 
so that 



a, 
-(J^ / ' 



(27) 



(28) 



*(A) 



ax 



, Ota 



-ie~ 



-k^e'^fi" -k^ ) 



-ax J ' \ ie^f" 

Using the expressions (pi]), (p^, ( p^ and (p5|), we can rewrite the matrix element ( p7[ ) in the form 



(29) 



Mx{3p,3q) 



2yj2oJkEqEp 



e^mi\-\n\)g^Ep ~Eq~ uJk)Sip3 -qs- fes) mx , 



with 



mx := I pdpdipe-'''^P''°'^'<'-'<"''> [u\q)axv{p)+v''{q)axu{p)] 
= e'('-")v'' J pdpdipe-'''^P''°''^^-^'''>Kx{p,ip). 
For the polarization state X = a we have 

K^{p,(p) = R lei^Eq + rM^Ep - sMJ,,{q^p)J,,{p^p)e'^'-"+^^^'^-'^''^ 



£n\/Eq ~ rM^ Ep + sM {q±p)Jui {p±p)' 



and for the polarization state A = tt 



K^{p,ip) = — ^Eq + rMyfEp + sMJ^, {q^p)Ji,, ip±p) 



e„e; yjEq- rM^jEp - sM J^^ {q±p)J^^ {p±p) 

ei ^Eq + rMy/Ep - sMJ,, {q±p)J,, {p^p)e'^'-''+^'>^'^-'^''> 
en^/Eq-rM^Ep + sMJ,, {q^p)J,, {p^p)e''^'-''-^^^^-^-A , 



where 



R := 



i?i := 



Vr + lyg + 1 + £3(g)e3(p)V?- - Vs - 1 
2v^ 



e3(g)\/7- - + 1 + e3(p)Vr + 1^3-1 
2x/if 



Integrating over we obtain 
r7v = 27re*('-"''^'=i? 

X eiy%TVM^/E~7Me~'^^^'"+^^ I pdpJ^,{q±p)J^,{p^p)Ji-n+i{k±p) 



+ tn\jEq - rM ^Ep + sMe-*^('-"~i) ^ pdpJ^^{q^p)Jy^{j)^p)Ji-n-i{k^p) 



(30) 



(31) 



(32) 



(33) 

(34) 
(35) 



(36) 



and 



\/Eq + rM^jEp + sM / pdpJi,^{q±p)Ji,^{p±p)Ji-n{k±p) 



e„e; \/Eq- rM^J Ep - sM J pdpJy,,_{q^p)Jy^_{p^p)Ji^n{k^p) 

^i\/Eq+ rM^jEp - sM J pdpJ^^{q±p)J^^{p±p)Ji^n+i{k±p) 
+1^71 y/Eq - rM^jEp + sM I pdpJ^^{q±p)J^^{p±p)Ji^ri-i{k±p) 



(37) 



It follows from the energy conservation S term in ( |30| ) that the radial momenta of the particles fulfill 
p± > q± + k±. The excess of radial momentum, A = 1 — {q± + k±)/p±, is transmitted to the flux 
tube. For this case, using formulae [6.578(3), 6.522(14)] of iT^, one can see that the integrals over p 
vanish unless {I + ^){n + ^) < 0. This inequality is fulfilled at Z > 0, n < and n > 0, ^ < 0, and the 
nonvanishing integrals are of the type 



J(a,/3) 



/>oo 

/ pdpJa {p± p sin A cos B)Jp {p±p cos A sin B)Jp^a{p±p) 
Jo 



2 sinTra 



■Kpj^cos{A + B) cos{A — B) \cosB J \cosA 



sin A 



sin B 



(38) 



with q± = p± sin A cos B, k± ^ p± sin B cos A. 

The partial wave analysis of the bremsstrahlung process in the Abahronov-Bohm potential shows a 
rather unexpected feature: The process turns out to be forbidden unless the quantum numbers I and n 
of the ingoing and outgoing electron have opposite signs. This in turn implies that their kinetic angular 
momentum projections, [r x (p — eyl)]3 = —id^p ~ cf), have opposite signs. To see this one calculates the 
corresponding expectation values and finds 



{[rx{p-eA)]3) = {~id^ 



2 2 E„ 2 I 



/f2 



Pi 



^AP+pi+pi 



(39) 



from which it follows that the sign of I equals the sign of {[r x {p — eA)]^) for all values of 5, s, and 
I 0. In the framework of a semiclassical picture this leads to the interpretation that the electrons need 
to pass the magnetic string in opposite directions. Apparently this is necessary for the ingoing electron 
to give the excess of its radial momentum to the string and to emit a real bremsstrahlung photon. 
Using expression ( p8[ ) we find for the matrix element ( |36| ) 

= -27rie^('-")'^'e-*^l'~"li? 

X |e(? > 0)e(n < 0) y^Eq + rMy/Ep - sM J{-n + 5,l-n + l) 

- 1 + (5, / - n - 1) 



+ ^Eq-rM^Ep + sM J{- 



+ e(/ < 0)e(n > 0) .yEq + rU^Ep - sM J{n -5,-l + n-l) 
+ ^Eq - rMy/Ep + sM J{n + I - 5, -I + n + 1) | 



4iR g*('~")vfc— I'— "l+i'"'" 



^p\-2pl{qi + kl) + iqi-kiy 



:(a5)l"l6l'l 

^Eq + rM^jEp - sM [e(/ > 0)e(n < <S)a^h - 0(1 < 0)e{n > 0)a-^b-^] 
~^Eq~rM^Ep + sM [0(1 > 0)Q{n < 0)a"^+*r^ - Q{1 < 0)Q{n > 0)a^-^b] | 



(40) 
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where we have introduced 

sin^ 



a 



cos B 
sin B 



pI -kj+qj- - 2pi{qi + fcj) + {qj - k^f 

'2p±q± 



pI + kl -ql~ ^Pl-2pl{qi + kl) + {qi-kir 



COS A 

In the same way we find for the matrix element (| 



2p±q± 



= 2716*^'""^^" e~'ti'~«i [e(z > 0)9(71 <0)L + Q{1< 0)Q{n > 0) A^] — 



1 



ith 



L 



k±Rj_ 



^Eq + rM y/Ep + sM J{ —n + (5, Z — n) 



^Eq - rM ^Ep - sM J{-n -l + S,l-n) 



-k.R 



y/Eq + rM y/Ep - sM J{-n + d,l-n + l) 



yjEq - rMsjEp + sM J{~n -l + SJ-n-1) 



and 



iV k±RA 



yjEq + rMyjEp + sM J(n -S,n-l) 



+ y/Eq - rM y/Ep - sM J{n +l-S,n-l) 
-ksR \y/Eq +rMy/Ep ~ sM J{n ~S,n~l~l) 



so that 



(41) 
(42) 

(43) 



(44) 



(45) 



(46) 



- y/Eq - rM yjEp + sM J(n + 1 - (5, n - ^ + 1) 

4g»(/-n)y,-»f |;-«|+»7™ gjj^^^ ,,i„i,i,i 1 
v/pl-2pi(gi + fci) + (gi-fci)2' 

X |fc_Li?± y/Eq+rMy/Ep + sM {0(1 > 0)9(71 < 0)0"^ - 0(1 < 0)9(7i > 0)0"*) 
-y/Eq - rMyjEp - sM > 0)9(7i < 0)a-^+^ - e(/ < 0)6(71 > 0)0^-*') 

-ksR yjEq + rMyjEp - sM {0(1 > 0)9(7i < 0)a^b - e{l < 0)e(n > 0)a-^b-^) 

+ y/Eq - rMy/Ep + sM {0(1 > 0)9(7i < 0)a"^+*'&"i - 0(1 < G)9(7i > 0)a^-^b) | . 

Eq. (|^) together with (g^) and (|4^) is the final expression for the bremsstrahlung matrix element with 
respect to cylindrical modes. 

3.2 Cross section for scattering states 

It is now very easy to calculate the matrix element of the bremsstrahlung process with respect to the 
electron scattering states (22). Consider an electron with momentum p and spin s which is scattered by 
the magnetic string and emits a photon with momentum k and polarization A. Denoting the momentum 
and spin of the scattered electron q and r resp. the corresponding matrix element reads 

Ma := -7((<f,r),(fc,A)|5(i'|(p,s)) 
= Y.4^^ci-^*M,ijp,jq) 



e\/2sin7r(5 S{Ep - Eg - ujk) Hps - - ks) 



V^^^^ Vpl-2pi{qi+kl) + iqi-kir 



(47) 
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where the coefficients cl^"* and ' are given in eqs. (23) and (|24| ) and refer to the ingoing (p, s) and 
outgoing electron [q, r) resp. It is 



X ^^y/Eq + rMy'Ep - sM > Q)Q{n < 0)a^b - Q{1 < 0)e(n > 0)a-^b-^] (48) 

- ^/Eg - rM^Ep + sM [0(1 > 0)e(n < 0)a-^+^b-^ - 0(1 < 0)e(n > 0)0^-^6] | , 
Vq,„ (a6)l"l bW — 

X |fcii?i + rM^/Ep + sM (e(/ > 0)e(n < 0)a^ - e(? < 0)e(n > 0)0"^) (49) 

- ^Eg-rM^Ep-sM{Q{l > 0)e{n < 0)a-^+^ - 0(1 < 0)e(n > 0)0^-'^) 

- ksR UEg + rM^Ep - sM {0(1 > 0)e{n < 0)a^b - 0(1 < 0)e{n > 0)a"*'fo"^) 

+ ^Eg ~ rMy/Ep + sM {0(1 > 0)e(n < 0)a-^+^b-'^ - e{l < 0)e(n > 0)a^-^b) | , 



with the new coefficients 



After performing the sums over the angular quantum numbers ^, n and sorting with respect to the flux 
parameter 6 we obtain the following closed expression. 



with 



Ea = {Ax S+ a* - Bx S- 



1 



I — ab e^'^'^'^'v-Vh) i — h e-^(¥'9-Vfc) ' 
ab e»(v'p-Vfc) 1 



(50) 

(51) 
(52) 



A, 

Att 



R 



R 

k±R± 



b y/Eg+rMyjEp- sM - — ^Eg - rM^Ep + sM 
1 



- ^/Eg + rM ^Ep - sM - ab ^Eg - rM ^ Ep + sM 



-^R 

k^Rj_ 



y/Eg + rM^/Ep + sM - - ^Eg - rM^jEp - sM 



1 



{b ^Eg + rM ^Ep - sM + — ^Eg - rM ^ Ep + sM 



R 



yjEq + rM yjEp + sM - a y/Eg - rM y/Ep - sM 
i y/Eq + rM yjEp - sM + ab yj Eg - rM yj Ep + sM 



(53) 
(54) 

(55) 
(56) 



Eqn. (^) and ( |50| ) together with (|5l|)-(|55|) contain the results for the bremsstrahlung matrix element 
with respect to scattering states. 

Based on the matrix element ( |47| ) we evaluate the differential probability per unit length of string 
solenoid for the bremsstrahlung process: 



dWx = Wx q^dq^dipq k^dk^dipkdqzdk^ , 



(57) 
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where 

2 sin^ ttS 



with 



Wx := IMaP = Sn^iOkE.Ep ' ^^^^ ~ ^« ~ "^"^ ^^^^ ' ' ' ^^^^ 

PAte fc) p4 _ 2p2^(^^ + 4) + _ fc2 p • (59) 

In order to calculate the absolute value of ( |50| ) we shall make use of the fact that the Dirac equation (|^) 
in the external Aharonov-Bohm field is covariant under boost transformation along the string direction. 
This means that it is sufficient to treat the case of normal incidence of the ingoing electron on the 
magnetic string and therefore we may perform all calculations in the coordinate system in which p3 = 0. 
No information will be lost but the calculations become more simple in this case. For p3 = we use, 
instead of q±_ and fc_L, more convenient variables: the dimensionless photon energy uj and the angle 
between the photon momentum and the string direction, defined by 

Pi-ql + fcj . „ 2fc^v/p^ + M2 
UJ := — = — - — , , X :— siiYVk = — — T To— ■ 60) 



Referring to these variables we have kj_ ~ p±lox, q± = p± ^\ — 2^ + lJ^x^ ^ v being the velocity of the 
ingoing electron, and 



1 - ^ - ^Vl - w2a;2 l-VT 



V^X 



a = ; " ^ , b= . (61) 



The variable u ranges from to Wmax = v {1 + \/l — v^x'^) ^ which corresponds to the minimal value of 
q± = 0. Calculating 

= aE, |I]_|2 = iE, (62) 
a 

+ = + b^) cosippk- Mil + a^b^) cos ipak-'iab] 

ab'^ 

- (6^ - 1 ) (a^6^ - 1 ) sin ippk sin Lpqk } , (63) 

with 

^_ a62 

(1 + 6^ _ 26cosv?pfc)(l + — 2a6cos(^gfc) ' '^^'^ ^'^ ' 

we obtain 

SE^uj'^ll ~ v'^x'^){l — vxcosifipk) (1 — ujvx'^ — vx^/l — 2^ + uj'^x'^ cos ipqk) 

where, again, we sorted with respect to the dependence on the fiux parameter S. We find for the 
polarization state a 

= —Urs + l){l~v^x^){2-2-+u;^x^)-u;^{l~x^){2-v^x^-u:vx^) 
2rs I V 

tVI-v^x^2 - u;vx^)[{r + s)— + s^uo\l - x^)]\ , 

pi_ M J 



(65) 



with 



P^°) = — — F(^) |2(rs + l)(l-?;2a;2) + i;2w2^2(^_^2-)i (gg) 
rs p± 

^ _ {cos (ppk - vx)[p±{l - Lovx"^) cos ipqk - vxqA_] -p±{l- v'^x^) sinippk svcupqk 
(1 — vx cos ippk) [p^_{^ — (jjvx'^) — vxqj_ cos (pqk] ' 



and for the polarization state tt 

= -L|(^s + l)[2(l-x2)(l--)+c^V(l-l;2^2^ 
Zrs I V 
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=F\/l-w2x2 Ur + s) — (2 ~ 2x^ ~ ujvx^) + s^uj^(l - x^){2 - 2v^x^ - ujvx 
pj_ M 



+s—2uj^vx^]-u;^[{l+x^){l-v^x^) + {l-x^){l-u;vx^)] \ , (68) 
Pi- J 

Pi") = --^F(^) (l-x2){2(rs + l)-u;Va;n . (69) 
rs q±^ ^ ' 

The result for P\, and thus for the differential probability dW\ of eq. (^), is given by eq. ( |6^ ) together 
with (||)-(|9l). 

In real experiments one observes the momentum and polarization distributions of scattered electrons 
and bremsstrahlung photons. Complete information about this is contained in the differential radiative- 
scattering cross section per unit length of the solenoid 

dax sin^ ttJ „ . - .^oa 

■^fc PA(g,fc) L_„_,^ , (70) 



duJkdnkdipq 87r4p^ ^ nE,=E^-uj^,q3=P3-k3 

whereby dflk = dcos-dk dipk- 

The formula ( [70| ) together with (|64|)-(|69|) contains the complete information about energy, angular 
and polarization distributions for the bremsstrahlung process. It allows to analyse correlations between 
energy and direction of the emitted radiation. We will now discuss the cross section at different regimes 
of the incoming electron's energy. 



4 The differential cross sections at different energies 

For the soft bremsstrahlung process with small photon energy the infrared singularity appears in the 
cross section in the limit u; —^ as usual. This happens for any charged particle being scattered, and is 
not specific neither for the Dirac electron nor the Aharonov-Bohm field. The reason for this singularity 
is the failure of the perturbative expansion for soft photon emission. 

For low electron energy (u ^ 1) we have w < |, w 1 — ^"^^^^ and s, r = ±1. Then 

= 2e(.r) (l - ^i:: T , Pi^^ - cos^ ^fePi^) , (71) 

V V V / 

Pi°) = 2e(sr)a cos((^pfc + ^,k) , = - cos^ tJ^P^o) , (72) 

and the differential cross section takes the form 

dcrx _ sin^TT^ / 1 \ ( X = a . 

dtokdnkdifi, ~ 32^4 M cuk \ cos2 ^kj ' { X^TT ' ^'•^> 

with 

where e\ = 1 for X = a and e\ = —1 for A = tt. The cross section of the bremsstrahlung process is rather 
small. It is proportional to the classical electron radius, tq = e'^ /AttM, and the velocity v of the ingoing 
electron. 

Let us note some particular features of the low energy bremsstrahlung process for the Dirac electron 
which can be read off from eq. ([73|). 

(i) The electron spin projection is conserved at low electron energies as well as for soft photon emission 
at arbitrary energies. 

(ii) The appearance of the additional factor cos^ "ffk for the photon polarization state tt is typical for 
the angular distribution of radiation from nonrelativistic particles. But the angular distributions of the 
outgoing electron and emitted photon are not independent on the angles ipq and (pk as it is the case 
for spinless particles. In addition to the first two terms, which appear for spinless particles too, for the 
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Dirac electron an additional term occurs. This Dirac-specific term is dependent on the direction of the 
radiation relative to the momenta of the ingoing and outgoing electron. However, it does not depend on 
the field strength of the magnetic string and therefore it seems to be obvious that it arises due to the 
interaction of the electron's and the photon's spin. 

(iii) After integration over the angle (fq of the outgoing electron only the first two terms remain and one 
finds 



Ep- M J \ Ep- M 

The cross section then coincides for s = — 1 with the one for nonrelativistic spinless particles In 
this case it is invariant under the transformation S 1 — S, and consequently also under $ —f — For 
s = +1, however, the interaction between the spin and the magnetic field leads to an attractive interaction 
between the spin and the magnetic field and results in a modification of the cross section. For spinless 
particles and for Dirac electrons with spin antiparallel to the magnetic string the wavefunctions vanish at 
the origin. Consequently their cross sections coincide at low energies. For an electron with antiparallel 
spin projection, s = +1 in our case, the wave function is amplified near the string and this leads to a 
different cross section. 

(iv) The photon emission with electron spin-fiip takes place for higher electron energies. As a result of 
the scattering process the electron tends to direct its spin antiparallel to the magnetic field. It leads to 
a small self-polarization effect for the electron beam in the same manner as it happens for synchrotron 
radiation Q. 

We now discuss the angular distribution in the case of high electron energy, when 7 = 1/ Vl — v"^ 3> 1 . 
Due to the presence of the factors 

{1 — vx cos (fipk) ^ EpUJk — pk (75) 

and 



(1 — Ljvx — wxy 1 — 2 h uj^x'^ cos (pqk) ^ EqUJk — qk (76) 

in the denominator of ( |6^ ) the bremsstrahlung cross section has a sharp maximum in the neighborhood of 
the direction of the ingoing electron, and the radiation is concentrated within a narrow cone around this 
direction. This cone has an angular aperture of order of magnitude ^1/7. The same cone also contains 
the momentum of the scattered electron. Outside the probability of radiative transition decreases rapidly. 



5 The total cross section 

Let us now integrate over final states in order to find the total cross section. After integrating over the 
angle ipq of the outgoing electron the term with P^^^^ disappears and we obtain 



dax _ e2 sin^ nS v Pi+^ a^^ ^ pi-) ^-2S 



dwkd^lk 327r3tjfe Ep (I - v'^ x'^)^ {I - vx cos if pk) ' 
Summing over polarization states of the outgoing electron (indicated by a bar) we find 

dax _ sin^ 7r(5 v Pj^^ a^a ^_ pi-) ^-2S 



diOkdflk 32tt^ LOk Ep (^i v'^x'^) 2 {I - vx cos ifpk) 

with 



(77) 



(78) 



Pj±) = (1 - v^x^){2 - 2- + u;^x^) T sVl-v^x^ (2 - wvx^)— , (79) 
V p± 

and 

Pi±) = 2(1 - x^)il --)+ uj^x^il - v^x^) T sVl-v^x^ (2 - 2x^ - lovx^)— . (80) 
V p± 

The integration over the angle (pk of the emitted photon leads to an additional factor 27r(l — v'^x'^)^^ . 
We find as result 



dukdcos-dk 16tt^ LUk Ep (l — v^x^y 



(81) 
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The remaining integrals over dujk and d-dk can not be found analytically for arbitrary electron energies. 
For low electron energies we have 



d(T(j g daTT tq sin^ nS v 



Ep - M 



l+s5 



1 - 



Ep - M 



(82) 



This result can also be obtained from ( |73| ) by integrating over Lpq^ (pk and i^k, i- e. by first making the 
approximation of low energy and summing over final states afterwards. 



For high electron energies, 7 = (1 - 



values of 



or X • 



1. In this case 



and we obtain for the cross section 



'2^1, the main contribution to the cross section arises from 
a 1 if the bremsstrahlung photon is not too hard, uj < aJmaxi 



da\ ro sin nS 
dojk ujk 



(83) 



where f\{ujk) is a function of the photon energy. It means that the form of the energy bremsstrahlung 
spectrum is independent on the ingoing electron energy and polarization state. For hard photons, 

- w)/2\/f 



we have 



1 12 ™2 



and the cross section behaves asymptotically as 



da\ ro sin t:5 g 
dujk iOk ^ 



Er, 



(a T 6s) , 



(84) 



where a and h are coefficients and the signs of =F correspond to A = cr and tt resp. It means that 
the fraction of hard photons increases with the ingoing electron energy, i.e. the bremsstrahlung photon 
spectrum becomes more hard. Also there is a correlation between the electron spin states and the photon 
polarization. 



6 Conclusions 

We have analyzed the bremsstrahlung of an electron being scattered by a magnetic string, which, among 
other quantum processes accompanying the AB scattering, seems to be the most interesting and signifi- 
cant one. 

In addition to the AB interaction, resulting from the non-integrable phase factors, which all quantum 
particles suffer, spin particles interact with the magnetic field via their magnetic moments. This strongly 
influences their behaviour near the flux tube. In the idealized case of an infinitely thin magnetic string 
their wave functions do not vanish on the string and the non-locality of the AB effect is modified by a 
local interaction. This interaction leads to a specific behaviour of the cross section. 

We evaluated the differential radiative cross section, which contains complete information about 
energy, angular and polarization distribution of the participating particles, as well as the total cross 
section and analysed them for different energy regimes. For low electron energies an angular asymmetry 
in the plane perpendicular to the string occurs. This result may be the most interesting one for possible 
experimental observations. 

The bremsstrahlung allows for attempts of detailed experimental investigation of the AB effect. Of 
course, the observation of the AB effect, which is done by means of electron interference and electron 
holography |6|, is not a simple task and the radiative AB effect for polarized electron beams requires a 
careful discussion. 

We draw attention to a remarkable feature which is characteristic for quantum processes in the 
presence of the AB string both for spinless and for spin particles. The processes happen if the ingoing 
and outgoing electrons have angular momentum projection of opposite signs. In a sense the electron 
needs to circle the AB string to emit the bremsstrahlung photon. In this case it can transmit a part of 
its perpendicular momentum to the string. The relative excess, A = 1 — ((/j^ + fc^)/pj^, is ranged from 
its minimal value A = at Wfe = to the maximal value A = 1 at = when the bremsstrahlung 

photon takes away all kinetic energy of the electron. 

Finally we point out the analogy to the physics of an electron passing a cosmic string ||l^. In this 
case an additional term appears which results from the spin connection. It corresponds to the vector 
potential term in the AB case. 
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